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The question whether a given quantum state is a ground or thermal state of a few-body Hamilto-
nian can be used to characterize the complexity of the state and is important for possible experimen-
tal implementations. We provide methods to characterize the states generated by two- and, more
generally, k-body Hamiltonians as well as the convex hull of these sets. This leads to new insights
into the question which states are uniquely determined by their marginals and to a generalization of
the concept of entanglement. Finally, certification methods for quantum simulation can be derived.
PACS numbers: 03.65.Ud, 03.67.Mn
Introduction.— Interactions in quantum mechanics are
described by Hamilton operators. The study of their
properties, such as their symmetries, eigenvalues, and
ground states, is central for several fields of physics.
Physically relevant Hamiltonians, however, are often re-
stricted to few-body interactions, as the relevant inter-
action mechanisms are local. But the characterization
of generic few-body Hamiltonians is not well explored,
since in most cases one starts with a given Hamiltonian
and tries to find out its properties.
In quantum information processing, ground and ther-
mal states of local Hamiltonians are of interest for several
reasons: First, if a desired state is the ground or ther-
mal state of a sufficiently local Hamiltonian, it might
be experimentally prepared by engineering the required
interactions and cooling down or letting thermalise the
physical system [1]. For example, one may try to pre-
pare a cluster state, the resource for measurement-based
quantum computation, as a ground state of a local Hamil-
tonian [2]. Second, on a more theoretical side, ground
states of k-body Hamiltonians are completely charac-
terized by their reduced k-body density matrices. The
question which states are uniquely determined by their
marginals has been repeatedly studied and is a variation
of the representability problem, which asks whether given
marginals can be represented by a global state [3]. It has
turned out that many pure states have the property to
be uniquely determined by a small set of their marginals
[4, 5], and for practical purposes it is relevant that often
entanglement or non-locality can be inferred by consid-
ering the marginals only [6].
In this paper we present a general approach to char-
acterize ground and thermal states of few-body Hamil-
tonians. We use the formalism of exponential families, a
concept first introduced for classical probability distribu-
tions by Amari [7] and extended to the quantum setting
in Refs. [8–11]. This offers a systematic characteriza-
tion of the complexity of quantum states in a conception-
ally pleasing way. We derive two methods that can be
used to compute various distances to thermal states of k-
body Hamiltonians: The first method is general and uses
semidefinite programming, while the second method is
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FIG. 1: Schematic view of the state space, the exponential
families Q1 and Q2, and their convex hulls. While the whole
space of mixed states is convex, the exponential families are
non-convex low-dimensional manifolds. The convex hull of
Q1 are the fully separable states and our approach allows to
characterize the convex hull for arbitrary Qk.
especially tailored to cluster and, more generally, graph
states. In previous approaches it was only shown that
some special states are far away from the eigenstates of
local Hamiltonians [12], but no general method for esti-
mating the distance is known.
Our approach leads to new insights in various direc-
tions. First, it has been shown that cluster and graph
states can, in general, not be exact ground states of two-
body Hamiltonians [2], but it was unclear whether they
still can be approximated sufficiently well. Our method
shows that this is not the case and allows to bound the
distance to ground and thermal states. Second, as shown
in Ref. [4], almost all pure states of three qubits are com-
pletely determined by their two-party reduced density
matrices. As we prove, for N ≥ 5 qubits or four qutrits
this is not the case, but we present some evidence that
the fact might still be true for four qubits. Finally, our
method results in witnesses, which can be used in a quan-
tum simulation experiment to certify that a three-body
Hamiltonian or a Hamiltonian having long-range interac-
tions was generated.
The setting.— A two-local (or two-body) Hamiltonian
of a system consisting of N spin-1/2 particles can be
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2written as
H =
∑N
i,j=1
∑
αβ
λ
(ij)
αβ σ
(i)
α ⊗ σ(j)β , (1)
where σ
(i)
α denotes a Pauli matrix {1, σx, σy, σz} acting
on the i-th particle etc. Note that the identity matrix is
included, so H can also contain single particle terms. We
denote the set of all possible two-local Hamiltonians by
H2 and in an analogous manner the set of k-local Hamil-
tonians by Hk. An example for a two-local Hamiltonian
is the Heisenberg model having nearest-neighbor inter-
actions. However, our approach generally ignores any
geometrical arrangement of the particles. Finally, for an
arbitrary multi-qubit operator A we call the number of
qubits where it acts on non-trivially the weight of A. In
practice, this can be determined by expanding A in terms
of tensor products of Pauli operators and looking for the
largest non-trivial product.
The set we aim to characterize is the so-called exponen-
tial family Q2, consisting of thermal states of two-local
Hamiltonians
Q2 =
{
τ
∣∣ τ = e−βH
tr[e−βH ]
, H ∈ H2
}
. (2)
Ground states can be reached in the limit of infinite in-
verse temperature β. For any k, the exponential fami-
lies Qk can be defined in a similar fashion. The set Q1
consists of mixed product states, the set QN of the full
state space. The exponential families form the hierar-
chy Q1 ⊆ Q2 ⊆ · · · ⊆ QN , and a suitable βH can be
seen as a way of parameterizing a specific density matrix
τ = e−βH/tr[e−βH ]. The question arises, what states are
in Qk? And for those which are not, what is their best
approximation by states in Qk?
It turns out to be fruitful to consider the convex hull
conv(Q2) =
{∑
i
pi τi | τi ∈ Q2 ,
∑
i
pi = 1 , pi ≥ 0
}
,
and ask whether a state is in this convex hull or not (see
also Fig. 1). The convex hull has a clear physical inter-
pretation as it contains all states that can be generated
by preparing thermal states of two-body Hamiltonians
stochastically with probabilities pi. In this way, taking
the convex hull can be seen as a natural extension of the
concept of entanglement: The thermal states of one-body
Hamiltonians are just the mixed product states and their
convex hull are the fully separable states of N particles
[13]. In this framework, the result of Linden et al. [4] can
be rephrased as stating that all three-qubit states are in
the closure of the convex hull conv(Q2), since nearly all
pure states are ground states of two-body Hamiltonians.
Finally, the characterization of the convex hull leads
to the concept of witnesses that can be used for the ex-
perimental detection of correlations [13]. Witnesses are
observables which have positive expectation values for
states inside a given convex set. Consequently, the ob-
servation of a negative expectation value proves that a
state is outside of the set. We will see below that such
witnesses can be used to certify quantum simulation.
Quantum exponential families.— We recall some re-
sults on the characterization of quantum exponential
families [10, 11]. Given a state %, consider its distance
from the exponential family Q2 in terms of the relative
entropy (or divergence) S(%||τ) = tr[%(log(%) − log(τ))].
As the closest state to % in Q2, one obtains the so-called
information projection %˜2. It has been shown that the
following three characterizations for the information pro-
jection %˜2 ∈ Q2 are equivalent [10]:
(a) %˜2 is the unique minimizer of the relative entropy of
% from the set Q2,
%˜2 = argminτ∈Q2 S(%||τ) . (3)
(b) Of the set of states having the same two-body reduced
density matrices (2-RDMs) as %, denoted by M2(%), %˜2
has a maximal von Neumann entropy
%˜2 = argmaxµ∈M2(%) S(µ) . (4)
(c) Finally, %˜2 is the unique intersection of Q2 and
M2(%). From (b) it follows that if for a state σ another
state % of higher entropy but having the same 2-RDMs
can be found, then σ must lie outside of Q2. A further
discussion can be found in Appendix A [14].
States not in Q2 are said to have irreducible correla-
tions of order three or higher, because they contain in-
formation which is not already present in their 2-RDMs,
if one wishes to reconstruct the global state from its
marginals according to Jaynes’ maximum entropy princi-
ple [15]. This is conceptionally nice, but also has certain
drawbacks. Importantly, the irreducible correlation as
quantified by the relative entropy is not continuous, as
shown in Ref. [16]. In addition, the relative entropy is
difficult to estimate experimentally without doing state
reconstruction, so other distances such as the fidelity are
preferable. These properties make the relative entropy
somewhat problematic and give further reasons why we
consider the convex hull.
Characterization via semidefinite programming.— Our
first method to estimate the distance of a given state
to the convex hull of Q2 relies on semidefinite program-
ming [17]. This optimization method is insofar useful,
as semidefinite programs are efficiently solvable and their
solutions can be certified to be optimal. Moreover, ready-
to-use packages for their implementation are available.
As a first step we formulate a semidefinite program to
test if a given pure |ψ〉 state is outside of Q2. From the
characterization in Eq. (4) it follows that it suffices to find
a different state % having the same 2-RDMs as |ψ〉. If %
is mixed, its entropy is higher than that of |ψ〉, mean-
ing that |ψ〉 cannot be its own information projection
and therefore lies outside of Q2. If % is pure, consider the
3convex combination (|ψ〉〈ψ|+%)/2, again having a higher
entropy. To simplify notation we define for an arbitrary
N -qubit operator X the operator Rk(X) as the projec-
tion of X onto those operators, which can be decomposed
into terms having at most weight k. In practice, Rk(X)
can be computed by expanding X in Pauli matrices, and
removing all terms of weight larger than k. Note that
Rk(%) may have negative eigenvalues.
The following semidefinite program finds a state with
the same k-body marginals as a given state |ψ〉:
min
%
: tr[%|ψ〉〈ψ|]
subject to: Rk(%) = Rk(|ψ〉〈ψ|),
tr[%] = 1, % = %†, % ≥ δ1 . (5)
While this program can be run with δ = 0, it is useful
to choose δ to be strictly positive. Then, a strictly pos-
itive % may be found, which is guaranteed to be distant
from the state space boundary. Consequently, if |ψ〉 is
disturbed, one can still expect to find a state with the
same reduced density matrices in the vicinity of %. This
can be used to prove that the distance to Q2 is finite,
and will allow us to construct witnesses for proving irre-
ducible correlations in |ψ〉. We make this rigorous in the
following Observation. For that, let B(|ψ〉) be the ball in
trace distance Dtr(µ, η) =
1
2 tr(|µ− η|) centered at |ψ〉.
Observation 1. Consider a pure state |ψ〉 and a
mixed state % ≥ δ1 with Rk(%) = Rk(|ψ〉〈ψ|). Then, for
any state σ in the ball Bδ(|ψ〉) a valid state %˜ in Bδ(%) can
be found, such that their k-party reduced density matrices
match. Moreover, the entropy of %˜ is larger than or equal
to the entropy of σ. This implies that the ball Bδ(|ψ〉)
contains no thermal states of k-body Hamiltonians.
The proof is given in Appendix B [14].
In the Observation, we considered the trace distance,
but a ball in fidelity instead of trace distance can be ob-
tained: Consider a state σ near |ψ〉, having the fidelity
F (σ, ψ) = α ≥ 1 − δ2, where F (%, ψ) = tr[%|ψ〉〈ψ|] =
〈ψ|%|ψ〉. Then from the Fuchs-van-de-Graaf inequality
follows Dtr(σ, |ψ〉〈ψ|) ≤
√
1− F (σ, ψ) ≤ δ , and Obser-
vation 1 is applicable [18].
The usage of the fidelity as a distance measure has a
clear advantage from the experimental point of view, as
it allows the construction of witnesses for multiparticle
correlations. Indeed the observable
W = (1− δ2)1− |ψ〉〈ψ| (6)
has a positive expectation value on all states in Qk and,
due to the linearity of the fidelity, also on all states within
the convex hull conv(Qk). So, a negative expectation
value signals the presence of k-body correlations. Wit-
nesses for entanglement have already found widespread
applications in experiments [13].
Equipped with a method to test whether a pure state
is in conv(Q2) or not we are able to tackle the question
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FIG. 2: Examples of graphs discussed in this paper. Left: The
five-qubit ring-cluster graph. The corresponding ring-cluster
state |C5〉 has a finite distance to the exponential family Q2.
Middle: The maximally entangled six-qubit |M6〉 state is not
in the convex hull of Q3. Right: The 2D periodic 5×5 cluster
state |C5×5〉 is not in conv(Q4).
whether the results of Ref. [4] can be generalized. Re-
call that in this reference it has been shown that nearly
all pure states of three qubits are uniquely determined
(among all mixed states) by their reduced two-body den-
sity matrices. This means that they are ground states of
two-body Hamiltonians. Consequently, the closure of the
convex hull conv(Q2) contains all pure states and there-
fore also all mixed states, and the semidefinite program
in Eq. (5) will not be feasible for δ strictly positive. The
question is whether this result holds for more qubits too.
Concerning pure five-qubit states, we numerically
found a fraction of 40% to be outside of conv(Q2). In the
case of pure four-qubit states however, no tested random
state has been found to lie outside of conv(Q2). Given
the fact that the test works well in the cases of five and
six qubits, this leads us to conjecture that nearly all pure
four qubit states are in conv(Q2), and hence also in Q2.
This would imply that a similar result as the one ob-
tained by Ref. [4] holds in the case of four qubits: almost
every pure state of four qubits is completely determined
by its two-particle reduced density matrix. More details
are given in Appendix C [14].
Characterization via the graph state formalism.—
The family of graph states includes cluster states and
GHZ states and has turned out to be important for
measurement-based quantum computation and quantum
error correction [19]. Due to their importance, the ques-
tion whether graph states can be prepared as ground
states of two-body Hamiltonians has been discussed be-
fore [2]. Generally, graph states have shown to not be ob-
tainable as unique non-degenerate ground states of two-
local Hamiltonians. Further, any ground state of a k-
local Hamiltonian H can only be -close to a graph state
|G〉 with m(|G〉) > k at the cost of H having an -small
energy gap relative to the total energy in the system [2].
Here m(|G〉) is the minimal weight of any element in the
stabilizer S of state |G〉 (see also below). But as pointed
out in Ref. [2], this does not imply that graph states can-
not be approximated in general, as  is a relative gap
only.
Let us introduce some facts about graph states. A
graph consists of vertices and edges (see Fig. 2). This
4defines the generators
ga = σ
(a)
x
∏
b∈N(a) σ
(b)
z , (7)
where the product of the σ
(b)
z runs over all vertices con-
nected to vertex a, called neighborhood N(a). The graph
state |G〉 can be defined as the unique eigenstate of all
the ga, that is |G〉 = ga|G〉. This can be rewritten with
the help of the stabilizer. The stabilizer S is the com-
mutative group consisting of all possible 2N products of
ga, that is S = {si =
∏
a∈I ga}. Then, the graph state
can be written as |G〉〈G| = 2−N∑si∈S si [19]. This for-
mula allows to determine the reduced density matrices
of graph states easily, since one only has to look at the
products of the generators ga.
For instance, all stabilizer elements of the five-qubit
ring cluster state |C5〉 have at least weight three, and
therefore the 2-RDMs of |C5〉 are maximally mixed. By
choosing δ = 2−5 in Observation 1, the maximum over-
lap to conv(Q2) is bounded by Fτ∈Q2(|C5〉, τ) ≤ 1−δ2 ≈
0.99902. Note that Ref. [20] has demonstrated a slightly
better bound F (|C5〉, τ) ≤ 1/32 +
√
899/960 ≈ 0.99896.
However, both bounds are by far not reachable in current
experiments. In fact, one can do significantly better. In
the following, we will formulate a stricter bound by first
considering Q2 and the ring cluster state |CN 〉 for an ar-
bitrary number of qubits N ≥ 5, but the result is general.
Observation 2. The maximum overlap between the
N -qubit ring cluster state |CN 〉 and an N -qubit state τ ∈
Q2 is bounded by
sup
τ∈Q2
〈CN |τ |CN 〉 ≤ D − 1
D
, (8)
where D = 2N is the dimension of the system. More gen-
erally, for an arbitrary pure state with maximally mixed
reduced k-party states in a d⊗N -system, the overlap with
Qk is bounded by (dN − 1)/dN .
The proof is given in Appendix D [14].
In the case of five qubits, Fτ∈Q2(|C5〉, τ) ≤ 31/32 ≈
0.96875, which improves the bound on the distance to
conv(Q2) by more than two orders of magnitude [21].
From Observation 2, we can construct the witness
W = D − 1
D
1− |CN 〉〈CN | , (9)
which detects states outside of conv(Q2). In a similar
fashion, any state having the maximally mixed state as
k-particle RDMs can be used to construct a witness for
conv(Qk). First, there is a four-qutrit state with maxi-
mally mixed 2-RDMs [22], which can be used to derive
a witness for conv(Q2). The highly entangled six-qubit
state |M6〉 (see the graph in Fig. 2) has maximally mixed
3-RDMs, soW = 63641−|M6〉〈M6| is a witness to exclude
thermal states of three-body Hamiltonians. Third, con-
sider a 5×5 2D cluster state with periodic boundary con-
ditions (see Fig. 2). This state has m(|C5×5〉) = 5 [2], and
can therefore serve as a witness W = α1− |C5×5〉〈C5×5|
for conv(Q4), where α = (225−1)/225. It should be noted
that this witness can also be used for conv(Q2), for which
the value α might be improved [23]. Finally, the minimal
distance Dk in terms of the relative entropy from Qk can
be lower bounded by the fidelity distance from its convex
hull conv(Qk), see Appendix D for details [14].
Quantum simulation as an application.— The aim of
quantum simulation is to simulate a physical system of
interest by another well-controllable one. Naturally, it is
crucial to ascertain that the interactions really perform as
intended. Different proposals have recently come forward
to engineer sizeable three-body interactions in systems
of cold polar molecules [24], trapped ions [25], ultracold
atoms in triangular lattices [26], Rydberg atoms [27] and
circuit QED systems [28]. Using the ring cluster state
witnessW = α1−|CN 〉〈CN | derived above, it is possible
to certify that three- or higher-body interactions have
been engineered. This is done by letting the system under
control thermalise. If then 〈W〉 < 0 is measured, one has
certified that interactions of weight three or higher are
present. At least five qubits are generally required for
this, but by further restricting the interaction structure,
four qubits can be enough for demonstration purposes.
This can already be done with a fidelity of 93.75%, which
is within reach of current technologies. Further details
can be found in Appendix E [14].
As an outlook, one may try to extend this idea of inter-
action certification to the unitary time evolution under
local Hamiltonians. For instance, digital quantum sim-
ulation can efficiently approximate the time evolution of
a time-independent local Hamiltonian and in Ref. [29]
an effective 6-particle interaction has been engineered by
applying a stroboscopic sequence of universal quantum
gates. The process fidelity was quantified using quantum
process tomography, however it would be of interest to
prove that the same time evolution cannot be generated
by 5-particle interactions only.
Conclusion.— We have provided methods to character-
ize thermal and ground states of few-body Hamiltonians.
Our results can be used to test experimentally whether
three-body or higher-order interactions are present. For
future work, it would be desirable to characterize the en-
tanglement properties of Q2, e.g. to determine whether
the entanglement in these states is bounded, or whether
they can be simulated classically in an efficient manner.
Furthermore, it is of significant experimental relevance to
develop schemes to certify that a unitary time evolution
was generated by a k-body Hamiltonian.
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5APPENDIX
A. Further discussion of the marginal set Mk(%) and
its relation to Qk
The marginal set Mk(%) consists of quantum states
having the same k-party reduced density matrices (k-
RDMs) as %
Mk(%) = {µ |µA = %A for all |A| ≤ k} , (10)
where µA is the reduced state obtained by tracing out
all subsystems not contained in A. This set is convex,
as its states stay in the marginal family under convex
combination.
The exponential family Qk consists of thermal states
of k-local Hamiltonians
Q2 =
{
τ
∣∣ τ = eH
tr[eH ]
, H ∈ H2
}
. (11)
In contrast to the marginal set, the exponential families
Qk are, apart from Qn, not convex. To see this, note that
conv(Q1) is the set of separable states, having a volume
and a number of free parameters corresponding to the
dimension of the state space. In addition, conv(Qk) is
larger than the set of separable states for k ≥ 2. How-
ever, Qk has not as many free parameters and is a set of
measure zero. Thus Qk ( conv(Qk), and Qk cannot be
convex.
The relations between the marginal set and the
exponential family originates in two special ways to
parametrize a quantum state [8]. These are the affine
(also called mixed) and the exponential representations
%aff = 1/D + ηiAi , η ∈ (−1, 1)D2−1 ,
%exp = exp[θiAi − ψ(θ)] , θ ∈ RD
2−1 , (12)
where D is the dimension of the system, {Ai} is a suit-
able orthonormal basis of the operator space, and we
sum over repeated indices. The Massieu function ψ(θ) =
log tr[expH] is not only required for normalization, but
also defines, together with the potential φ(η) = −S(η) =
tr[% log %], a Legendre transform ψ(θ) + φ(η)− θiηi = 0 .
The relations
ηi =
∂ψ(θ)
∂θi
= tr[%Ai] , θi =
∂φ(η)
∂ηi
= tr[HAi] , (13)
follow. For any two states %(η) and %′(θ′), the following
Pythagorean relation for the relative entropy holds
S(%||%′) = φ(η) + ψ(θ′)− ηiθ′i , (14)
and its repeated application yields
S(%||%′′)
= S(%||%′) + S(%′||%′′) + (ηi − η′i) · (θ′i − θ′′i ) . (15)
Mk(%)Qk
%
τ
%˜k
FIG. 3: The information projection %˜k lies in the unique in-
tersection of Qk and Mk(%). It is also the minimizer of the
relative entropy S(ρ||·) in Qk.
The information projection %˜k of % is the element in
Mk(%) having the largest von Neumann entropy. Given
%, its information projection %˜k, and a τ ∈ Qk, the
Pythagorean relation then simplifies to
S(%||τ) = S(%||ρ˜k) + S(%˜k||τ) . (16)
The above definition of the information projection is
equivalent to %˜ being in the unique intersection of
the exponential family Qk with Mk(%), and to %˜k =
argminτ∈Qk S(ρ||τ). This is illustrated in Fig. 3.
We provide two examples. First, consider the five-
qubit ring cluster state |C5〉 and its information pro-
jection onto Q2. The state |C5〉 has maximally mixed
2-body marginals, and of the set M2(|C5〉), the max-
imally mixed state has the highest entropy. Second,
consider the one-parameter family of states |GHZα〉 =
(|000〉+eiα|111〉)/√2. All of its two-party reduced states
are equal to (|00〉〈00|+ |11〉〈11|)/2. Also,
γ =
∫
α
|GHZα〉〈GHZα|dα
= (|000〉〈000|+ |111〉〈111|)/2 (17)
has the same 2-RDMs and is thus an element of the
marginal set M2(|GHZα〉). Additionally, γ is the infor-
mation projection of |GHZα〉 ontoQ2, as it is the element
of maximum entropy in M2(|GHZα〉). As known from
Ref. [4], almost all three qubit states are determined by
their 2-RDMs, and thus the irreducible three-body cor-
relation is discontinuous at |GHZα〉. More examples can
be found in Ref. [11].
As a last part in this section, we relate the expo-
nential family conv(Qk) to the sets of ground and ex-
cited states of local Hamiltonians respectively. As argued
above, nondegenerate ground states of k-local Hamilto-
nians Hk ∈ Hk are determined by their k-RDMs and be-
long to the closure of Qk. Nondegenerate excited states
of k-local Hamiltonians are completely determined by
their 2k-RMDs [30], and are therefore ground states of
6suitable 2k-local Hamiltonians H2k ∈ H2k. The argu-
ment rests on the fact that any eigenstate of a Hamil-
tonian Hk will also be the ground state of (Hk − λ1)2,
where λ is the corresponding eigenvalue. A similar ar-
gument also holds for nondegenerate ground and eigen-
states. But as can be seen by parameter counting, there
exist 2k-local Hamiltonians which cannot be written as
H2k = (Hk − λ1)2 with Hk ∈ Hk. Thus the set of eigen-
states of k-local Hamiltonians ES(Hk) is a proper sub-
set of the set of ground states of 2k-local Hamiltonians
GS(H2k), ES(Hk) ( GS(H2k). Finally, thermal states of
k-local Hamiltonians are in the convex hull of ES(Hk),
and it follows that conv(Qk) ( conv(GS(H2k)).
B. Proof of Observation 1
Observation 1. Consider a pure state |ψ〉 and a
mixed state % ≥ δ1 with Rk(%) = Rk(|ψ〉〈ψ|). Then for
any state σ in the ball Bδ(|ψ〉) a valid state %˜ in Bδ(%) can
be found, such that their k-party reduced density matrices
match. Moreover, the entropy of %˜ is larger than or equal
to the entropy of σ. This implies that the ball Bδ(|ψ〉)
contains no thermal states of k-body Hamiltonians.
Proof. Any σ in the trace ball Bδ(|ψ〉) can be written as
σ = |ψ〉〈ψ| + X, with a traceless X. The trace can be
decomposed as tr(X) = 〈ψ|X|ψ〉 +∑i〈ψ⊥i |X|ψ⊥i 〉 = 0 ,
where the |ψ⊥i 〉 are orthogonal to |ψ〉. The second term
of this expression is positive, since∑
i
〈ψ⊥i |X|ψ⊥i 〉 =
∑
i
〈ψ⊥i |(X + |ψ〉〈ψ|)|ψ⊥i 〉
=
∑
i
〈ψ⊥i |σ|ψ⊥i 〉 ≥ 0 . (18)
So we must have 〈ψ|X|ψ〉 ≤ 0. Furthermore, X can only
have one negative eigenvalue λ−, otherwise there would
be also |ψ⊥i 〉 with 〈ψ⊥i |X|ψ⊥i 〉 < 0, which is in contra-
diction to σ ≥ 0. From tr(X) = 0 it follows that λ− has
the largest modulus of all eigenvalues and consequently
tr(|X|) = 2|λ−|. Since Dtr(|ψ〉〈ψ|, σ) = tr|X|/2 ≤ δ, it
follows that |λ−| ≤ δ.
For σ ∈ Bδ(|ψ〉) we choose %˜ = % + X as a candidate
having the k-RDMs of σ. We have
Rk(σ) = Rk(|ψ〉〈ψ|+X) = Rk(%+X) = Rk(%˜) . (19)
Furthermore, %˜ is a positive semidefinite density matrix,
because of %˜ = % + X ≥ (δ − |λ−|)1 ≥ 0. Thus, for any
state σ in Bδ(|ψ〉) there exists a state %˜ in Bδ(%), such
that the k-RDMs of σ and %˜ match.
Now we show that the entropy of %˜ is larger than or
equal to the entropy of σ, as this ensures that σ is not
in Qk. Namely, if the entropy of %˜ is larger, a state with
the same k-RDMs but of higher entropy than σ has been
found, and σ is outside of Qk. If on the other hand
|ψ〉
X
X
σ
% %˜
Bδ(%)
Bδ(ψ)
FIG. 4: Illustration of Observation 1: If a strictly positive
% can be found, then for a given perturbation σ of |ψ〉 one
can find a corresponding %˜ in the vicinity of %, such that the
reduced density matrices of σ and %˜ are the same.
equality holds, then again σ /∈ Qk due to the uniqueness
of the information projection and because of σ 6= %˜.
First, note that if ρ fulfills the condition S(%) ≥ 2Cδ,
where Cδ = −δ log( δD−1 ) − (1 − δ) log(1 − δ), then also
as required S(%˜) ≥ S(σ). This follows from the sharp
Fannes-Audenaert inequality [31]
|S(η)−S(µ)| ≤ −d log ( d
D − 1
)−(1−d) log(1−d) , (20)
where d = Dtr(η, µ) and D = 2
N is the dimension of the
system. Recall that σ ∈ Bδ(ψ) and %˜ ∈ Bδ(%). Thus the
entropy of σ can be at most Cδ, and the entropy of %˜ must
be at least S(%) − Cδ. Requiring S(%) ≥ 2Cδ therefore
ensures that the entropy of %˜ is higher than or equal to
that of σ.
It remains to show that % indeed fulfills this condition.
For that, note that the eigenvalues of % are larger than
δ but smaller than 1/N due to the normalization of %.
Furthermore assume D ≥ 8, since we are considering at
least three qubits. From the bounds on the eigenvalues
it follows that the entropy of % is bounded by
S(%) ≥ −[1− (D − 1)δ] log[1− (D − 1)δ]
− (D − 1)δ log(δ) ≡ Γ . (21)
So, we consider the function F(δ,D) = Γ−2Cδ and have
to show its positivity. Let us first fix D. Taking the sec-
ond derivative of F with respect to δ one directly finds
that this second derivative is strictly negative. This im-
plies that F assumes only one maximum in the interval
[0, 1/D] and that the minima are assumed at the bor-
ders. We have F(0, D) = 0 and it remains to prove that
G(D) = F(1/D,D) is positive. For D = 8 one can di-
rectly check that G as well as its derivative is positive.
Furthermore, the second derivative of G(D) with respect
to D is strictly positive for any D ≥ 8, which proves the
claim.
7δ 10−3 10−4 10−5 10−6 10−7
5qb 0.0040 0.1325 0.2976 0.3729 0.4000
6qb 0.7680 0.8872 0.8897 1.0000 1.0000
TABLE I: Fraction of pure five and six qubit states which are
outside of the convex hulls of Q2, as detected by the semidef-
inite program from Eq. (5). See the text for further details.
C. Numerical results
Let us first consider states of five and six qubits. We
report in Table I numerical results for the fraction of
pure states lying outside of conv(Q2), with the condi-
tion of positive definiteness δ ranging from 10−3 to 10−7.
We tested 300′000 (30′000) random five-qubit (six-qubit)
states distributed to the Haar measure [32] with our
semidefinite program using the solver MOSEK [33]. As
can be seen from the Table, at least 40% of all tested
five-qubit states and 100% of all tested six-qubit states lie
outside of conv(Q2). Thus, a similar result as in Ref. [4]
does not hold in the cases of five and six qubits.
Concerning conv(Q3), a single five-qubit state and no
six-qubit state has been detected to lie outside. We as-
cribe the latter result to a rather weak statistics, as states
in the vicinity of |M6〉 are easily detected by our semi-
definite program (cf. Fig. 2).
Let us now turn to the case of four qubits. Here, none
of 8 million random pure states have been found to be
outside of conv(Q2). The numerical result suggests that
this is a general feature of four-qubit systems. We also
tested special examples of highly entangled four-qubit
states, such as the cluster state, classes of hypergraph
states [34], the Higuchi-Sudbery |M4〉 state [35] or the
|χ〉-state [13, 36]. While many of theses states can be
shown to be outside of Q2, we were not able to prove
analytically or with the help of the semidefinite program
that they have a finite distance to Q2. This implies that
they might be approximated by thermal states of two-
body Hamiltonians.
D. Proof of Observation 2
Observation 2. The maximum overlap between the
N -qubit ring cluster state |CN 〉 and an N -qubit state τ ∈
Q2 is bounded by
sup
τ∈Q2
〈CN |τ |CN 〉 = sup
H∈H2
tr
[ eH
tr[eH ]
|CN 〉〈CN |
] ≤ D − 1
D
,
(22)
where D = 2N is the dimension of the system. More gen-
erally, for an arbitrary pure state with maximally mixed
reduced k-party states in a d⊗N -system, the overlap with
Qk is bounded by (dN − 1)/dN .
Proof. We consider first only the ring cluster state, the
generalization is then straightforward. For N ≥ 5, the
ring cluster state |CN 〉 has m(|CN 〉) = 3, that is, all the
two-body reduced density matrices are maximally mixed
[2]. Since the family of thermal states is invariant under
the addition of the identity τ(H) 7→ τ(H + θ1), we can
choose H to be traceless when maximizing the overlap.
So tr[H] = 0 and tr[H|CN 〉〈CN |] = 0 follows. Note that
this was the only part in the proof where the property of
|CN 〉 having maximally mixed 2-RDMs was required.
We write H and |CN 〉〈CN | in the eigenbasis {|ηi〉} of
H,
H =
∑
i
ηi|ηi〉〈ηi|
|CN 〉〈CN | =
∑
ij
cicj |ηi〉〈ηj | , (23)
and obtain following conditions, where the second results
from the normalization of the ring cluster state:
f1 =
∑
i
ηi = 0 , (24)
f2 =
∑
i
pi − 1 = 0 , pi = |ci|2 ≥ 0 , (25)
f3 =
∑
i
piηi = 0 . (26)
Under these conditions, we have to maximize
F =
∑
i pie
ηi∑
i e
ηi
. (27)
If H is nontrivial, it must have both some positive and
negative eigenvalues. Then at least two of the pi must
be nonzero. We use the method of Lagrange multipliers
and consider
Λ =
∑
i pie
ηi∑
i e
ηi
+ λ1f1 + λ2f2 + λ3f3 . (28)
If the maximum is attained for some value pk which is
not at the border of the domain [0, 1], we then must have
∂Λ
∂pk
=
eηk∑
i e
ηi
+ λ2 + λ3ηk = 0 . (29)
For a given spectrum of H, {η} = (η1, . . . , ηD), Eq. (29)
has a solution for at most two values, η+ and η−. For
any ηi not equal to η+ or η−, the corresponding variable
pi has to lie at the boundary of the domain [0, 1], which
implies that pi = 0 if ηi /∈ {η+, η−}. The eigenvalues
η+ and η− can be l and l′ fold degenerate, with corre-
sponding pl+, p
l′
−. But then, it is easy to see that it is
optimal to maximize one of those by taking p+ =
∑
l p
l
+
and p− =
∑
l′ p
l′
− and setting the others to zero. Second,
considering the set of ηi /∈ {η+, η−} where pi = 0 one can
further see with Jensen’s inequality that it is optimal to
take all of the ηi equal, that is (D − 2)ηi = −(η+ + η−).
8So, the whole problem reduces to a problem with four
variables,
max
pi,ηi
F = max
p±,η±
p+e
η+ + p−eη−
eη+ + eη− + (D − 2)e−(η++η−)/(D−2) .
(30)
From the conditions it follows that we can choose η+ > 0,
which implies that η− = −η+p+/p− < 0. We have to
prove that the upper bound is is (D − 1)/D. Rewriting
p− =
η+
η+−η− , we aim to show that(
1− η+η+−η−
)
eη+ + η+η+−η− e
η−
eη+ + eη− + (D − 2)e−(η++η−)/(D−2) ≤
D − 1
D
. (31)
This can be rewritten to
(D − 1)(η+ − η−)
[
eη+ + eη− + (D − 2)e−(η++η−)/(D−2)]
−D(η+eη− − η−eη+) ≥ 0 . (32)
Regrouping terms leads to
(D − 1)(D − 2)(η+ − η−) exp
(
−η+ + η−
D − 2
)
︸ ︷︷ ︸
t1
− [η+ + (D − 1)η−] exp(η−)︸ ︷︷ ︸
t2
+ [η− + (D − 1)η+] exp(η+)︸ ︷︷ ︸
t3
≥ 0 . (33)
The term t1 is always positive, while the signs of t2 and
t3 depend upon the choice of η+ and η−. So consider the
following three cases:
1. Case: (D − 1)η+ < |η−|: Then t2 ≥ 0, but t3 < 0.
However, we have t1 + t3 ≥ 0 because of
− (η+ + η−) = −η+ + |η−| ≥ (D − 2)η+ (34)
and
(D − 1)(D − 2)(η+ − η−)
≥ (D − 1)(D − 2)|η−| ≥ 2|η−|
≥ |η−|+ (D − 1)η+ ≥ |η− + (D − 1)η+| . (35)
2. Case: (D − 1)−1η+ ≤ |η−| ≤ (D − 1)η+: This case
directly leads to t2 ≥ 0 and t3 ≥ 0.
3. Case: |η−| < (D−1)−1η+: Then t3 ≥ 0, but t2 < 0.
However, we have t2 + t3 ≥ 0, because of eη+ > eη−
and
(D − 1)η+ + η− ≥ 3η+ + η−
≥ 2η+ ≥ η+ + (D − 1)η− . (36)
This finishes the proof.
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FIG. 5: Graph of the linear cluster state η with particles
2 and 3 exchanged. This state cannot be approximated by
Hamiltonians with nearest-neighbor interactions only.
Note that the minimal fidelity distance fidelity dis-
tance from the convex hull conv(Qk) can be used to show
the presence of irreducible correlations. The minimal
distance Dk to Qk in terms of the relative entropy is
bounded by
Dk(%) ≥ min
σ∈conv(Q2)
S(%||σ) ≥ − log max
σ∈Q2
F (%, σ) . (37)
This follows from a recent result on α-Re´nyi relative en-
tropies [37],
S(%||σ) ≥ S1/2(%||σ) = − logF (%, σ) . (38)
Therefore, the divergence of the five qubit ring cluster
state from Q2 is bounded by D2(|C5〉) ≥ 0.0317.
E. Interaction certification
To certify that higher than two-body interactions have
been engineered, a four qubit state can be used by fur-
ther restricting the possible interaction structure of the
system. As an example, consider an ion chain of four
qubits in a linear trap, where the only two-body inter-
actions allowed are of the nearest-neighbor type. Then
the four-qubit linear cluster state η, which is a usual lin-
ear cluster state with a permutation of particles 2 and
3 (see Fig. 5), cannot be obtained as a ground or ther-
mal state but only be approximated up to a fidelity of
α = (N − 1)/N = 15/16 = 93.75%. This value is within
reach of current technologies.
To see why this state cannot be obtained, note that it
has the generator G = {XIZI, IXZZ,ZZXI, IZIX},
where X,Y, Z, I stand for the Pauli matrices and the
identity respectively. The stabilizer is then given by
S = {IIII, IXZZ, IY ZY, IZIX,
XIZI,XXIZ,XY IY,XZZX,
Y IY X, Y XXY,−Y Y XZ, Y ZY I,
ZIXX,−ZXY Y,ZY Y Z,ZZXI} . (39)
The nearest-neighbor marginals of the graph state
η = 2−4
∑
si∈S
si , (40)
9which are η12, η23, and η34, are all maximally mixed. The
remaining two-party marginals do not need to be con-
sidered, as long-range interactions are precluded by the
physical setup. Then an argument similar to as in Ob-
servation 2 can be made. It is again interesting to see
what fraction of states cannot be ground states in such
a setup. Our semidefinite program shows that 94% of
pure states cannot be approximated as ground or ther-
mal states of a linear spin chain having nearest-neighbor
interactions only [38]. However, when including next-
to-nearest neighbor interactions, no unobtainable states
were detected.
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